Abstract. Given a finite index subgroup of SL 2 (Z) with modular curve defined over Q, under the assumption that the space of weight k (≥ 2) cusp forms is 1-dimensional, we show that a form in this space with Fourier coefficients in Q has bounded denominators if and only if it is a congruence modular form.
Introduction
Let Γ be a finite index subgroup of SL 2 (Z). The space of cusp forms of weight k for Γ, denoted by S k (Γ), consists of holomorphic functions f on the Poincaré upper half plane H satisfying (1) f |γ = f for all γ ∈ Γ, where |γ stands for the standard stroke operator (cf. [Shi71] ); (2) f is holomorphic at all cusps of Γ; (3) f vanishes at all cusps of Γ. Suppose the cusp ∞ of Γ has width µ. A form f ∈ S k (Γ) has Fourier expansions of the form f (z) = n≥1 a(n)q n/µ , where q = e 2πiz .
When all Fourier coefficients a(n) are algebraic, we say that f has bounded denominators if there exists a nonzero algebraic integer c such that c · a(n) is algebraically integral for all n. For a congruence subgroup Γ, the space S k (Γ) has a basis consisting of forms with integral Fourier coefficients (cf. [Shi71] ), resulting from the fact that Hecke operators have integral eigenvalues. Consequently, any form in S k (Γ) with algebraic coefficients has bounded denominators. When Γ is a noncongruence subgroup, which is majority, the situation is unknown. However, a folklore conjecture states that the bounded denominator property should characterize the congruence forms (cf. [Bir94] ). More precisely, Conjecture 1.1 (Unbounded denominators conjecture). A meromorphic weight k modular form for a finite index subgroup Γ of SL 2 (Z) that is holomorphic on H (such as the modular j function) with algebraic Fourier coefficients has bounded denominators if and only if it is a cusp form for a congruence subgroup.
This conjecture has impacts beyond the fundamental developments of modular forms. For instance, it implies a conjecture in the theory of vertex operator algebras known and believed by physicists, which says that the graded dimension of any C 2 -cofinite, rational vertex operator algebra over C is a congruence modular function (cf. [Zhu96, CG99, DLM00]).
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Given a noncongruence subgroup Γ, denote by Γ c its congruence closure, i.e., the smallest congruence subgroup containing Γ. Suppose Γ c = ∪ γ Γγ. Then f → γ f |γ defines the trace map Tr
As shown in Berger [Ber94] (see also [Sch97] ), S k (Γ) decomposes into the direct sum of S k (Γ c ) and the kernel S The purpose of this note is to give a partial supportive answer to the above conjecture.
Theorem 1. Suppose that the modular curve X Γ of Γ has a model defined over Q so that the cusp at ∞ is Q-rational, k ≥ 2 and S k (Γ) is 1-dimensional. Then a form in S k (Γ) with Fourier coefficients in Q has bounded denominators if and only if it is a congruence modular form.
We exhibit two special occasions to which the above theorem can be applied. The first is when the modular curve X Γ is an elliptic curve defined over Q, the space S 2 (Γ) is 1-dimensional generated by a form from a holomorphic 1-form on X Γ . The second is when an elliptic modular surface fibred over X Γ is a K3 surface defined over Q, S 3 (Γ) is generated by a form arising from a holomorphic 2-form on the elliptic modular surface.
There is another approach to the unbounded denominators conjecture using modular functions and p-adic arguments, see [KL08, KL09] .
Galois representations attached to S k (Γ)
Recall that for k ≥ 2 to the 1-dimensional space S k (Γ) there are associated compatible family of 2-dimensional ℓ-adic representations ρ Γ,k,ℓ of Gal(Q/Q). When k = 2 this is the dual of the Tate modules of the Jacobian of X Γ . For k ≥ 4 even this is constructed by Scholl in [Sch85] . As remarked in [Sch85] the same should hold for k ≥ 3 odd, which we shall assume.
At a prime p = ℓ where ρ Γ,k,ℓ is unramified, the characteristic polynomial of ρ Γ,k,ℓ of the Frobenius Frob p at p has the form
, where χ is a real Dirichlet character of Z and b(p) ∈ Z with complex absolute value |b(p)| ≤ 2p k−1 (cf. [Sch85] ). It follows from the former Serre's conjecture that when ℓ is a large prime, the dual of ρ Γ,k,ℓ is modular (cf. [ALLL10] ). In other words, there is a normalized newform g of weight k level N and character χ such that its eigenvalue with respect to the Hecke operator
n/µ be a nonzero form in S k (Γ) with rational Fourier coefficients. By Scholl [Sch85, Theorem 5.4], f satisfies the congruences predicted by Atkin and SwinnertonDyer (ASD) [ASD71] , namely, there is an integer N 1 such that for every prime p > N 1
When this happens, f and g are said to satisfy the Atkin and Swinnerton-Dyer congruence relations in [LLY05] . We shall prove the theorem below, from which Theorem 1 will follow as S k (Γ) is 1-dimensional.
Theorem 2. Suppose k ≥ 2 and f (z) = n≥1 a(n)q n/µ is a form in S k (Γ) with Fourier coefficients in Q satisfying (1) with a normalized weight
Since f in Theorem 2 has bounded denominators, we may assume that all Fourier coefficients a(n) are in Z.
Comparing Fourier coefficients of f and g
We begin by observing a bound on Fourier coefficients of f .
Theorem 3 (Selberg [Sel65] ). Let f (z) = a(n)q n/µ be a weight k cusp form for some finite index subgroup of the modular group. Then there exists a constant C > 1 depending on f such that the complex absolute value of a(n) satisfies the bound
Since the coefficients of g satisfy the Ramanujan bound which implies, for any ε > 0,
) for all n ≥ 1, we may further assume that
Suppose a(m) = 0 for some positive integer m.
for every integer n > P (m). We proceed to compare a(mn) with b(n). In what follows we use the convention that a(x) = 0 if x is not a positive integer.
Lemma 1. For primes p > P (m) and all integers n ≥ 1, we have a(mp
Proof. Combining (2) and (3) we have for all n ≥ 0
The ASD congruence (1) gives
It follows from the choice of P (m) that for a prime p > P (m), the integer a(mp n+1 ) − b(p)a(mp n ) + χ(p)p k−1 a(mp n−1 ) has to be zero for every n ≥ 0. Next assume (p, m) = 1. When n = 0, this gives a(mp) = b(p)a(m). We prove the statements by induction. Assume that a(mp
Next we prove a similar statement with multiple large prime factors.
Lemma 2. Let p 1 , ..., p r be r distinct primes greater than P (m) and coprime to m. For all integers e i ≥ 0 we have 
Proof. This is Lemma 1 when r = 1, hence we assume r ≥ 2. We will first use mathematical induction on the sum e 1 + e 2 + · · · + e r , and for fixed sum by induction on the number of nonzero e i 's, to show that a(m)a(mp By symmetry, the same congruence holds when one replaces p 1 by p i and e 1 by e i for 1 ≤ i ≤ r − 1. As p 1 , ..., p r−1 are distinct primes, this gives a(m)a(mp
On the other hand, similar to (6), we have Corollary 2. Let K be a positive integer. Suppose h = a(n)q n/µ is primitive noncongruence. Then the following two functions are also primitive noncongruence: (a) the subseries a(Kn)q Kn/µ , and (b) h ⊗ φ = a(n)φ(n)q n/µ for any Dirichlet character φ of conductor K.
Proof. Let γ = 1 µ/K 0 1 . Note that γ K ∈ Γ. The claims follow from the above lemmas
and as discussed in [AL78] ,
where
−1 e 2πij/K is the Gauss sum attached to φ −1 .
Lemma 5. If h(z) is a primitive noncongruence cusp form of weight k, then so is h(z/K) for any positive integer K.
mod K} and Γ 0 (K) is defined similarly using congruence with lower triangular matrices. Suppose that h is a weight k primitive noncongruence cusp form for Γ ′ , then it is also primitive congruence for G = Γ ′ ∩Γ 0 (K) by Corollary 1. The form h|γ(z) = K k/2 h(z/K) is a weight k cusp form for γ −1 Gγ, which is a finite index subgroup of Γ 0 (K). The congruence closure G c of G is contained in Γ 0 (K) so that its conjugate γ −1 G c γ is a congruence subgroup contained in Γ 0 (K). We claim that γ −1 G c γ is the congruence closure of γ −1 Gγ. This is because
Since γ(γ −1 Gγ) c γ −1 is congruence, it is equal to G c by the minimality of G c . This proves the claim. Thus Tr
Now we proceed to prove Theorem 2. Assuming f ∈ S prim k (Γ), we shall derive a contradiction. Let m be an integer such that a(m) = 0. By Corollary 2 and Lemma 5, h = a(mn)q n/µ is a primitive noncongruence cusp form for a finite index subgroupG. Let K be the square of the product of all primes ≤ P (m) in §3, and let φ be a Dirichlet character of conductor K. Then h⊗φ is a primitive noncongruence form for the group G = ∩ n j=1 γ −jG γ j , where γ = 1 µ/K 0 1 . It has Fourier expansion (h ⊗ φ)(z) = n≥1 a(nm)φ(n)q n/µ = 0.
Moreover, by Lemmas 1 and 2, it agrees with a(m)(g ⊗ φ)(z/µ), a cusp form for a congruence subgroup Γ ′ . So it is a cusp form for the intersection G ∩ Γ ′ , which is contained in the congruence subgroup G c ∩ Γ ′ . Note that G ∩ (G c ∩ Γ ′ ) = G ∩ Γ ′ and there is a principal congruence subgroup
and consequently, 0 = Tr
since h ⊗ φ is a cusp form for Γ ′ and hence for G c ∩ Γ ′ . This then implies h ⊗ φ = 0, a contradiction.
